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In [4] we showed that every simply connected Chevalley group G over an 
algebraically closed field of characteristic p (p sufficiently large) has a 
representation V with H’(G, V) # 0. Since the elements of the 2-cohomology 
parameterize classes of algebraic group extensions of G by V, it follows that 
every simply connected Chevalley group can be extended by a unipotent 
group. In this paper we compare the representation theories of the Chevalley 
group G and the extension group H. Standard arguments show that there is a 
one-to-one correspondence between the irreducible G-modules and the 
irreducible H-modules. Our main result is that the corresponding irreducible 
modules have the same 1-cohomology. 
The fact that H’(G, M) z H’(H, M) when M is irreducible is established 
by a straightforward argument if M is not pp”‘. The case M = ppn’ requires 
some facts about the Frobenius map, and so we begin with some remarks 
about the Frobenius map. 
The coordinate ring A of an algebraic k-group G which is defined over the 
prime field FD is of the form AF, @ k for some F,-algebra AFp. The Frobenius 
map F: G --t G is defined by the morphism F*: A, 0 k--t AFp @ k given by 
pth power 0 Id. The kernel of the Frobenius map is called the infinitesimal 
subgroup G’ of G. The coordinate ring of G/G’ is Atp’, the image of F* 
(5, 1.11. 
If G and H are algebraic groups defined over the prime field F, and 
8: G + H is a morphism defined over F,,, then 8 commutes with F. That is, 
the following diagram commutes: 
G-H 
0 
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If V is a G-module, let . denote the action of G on V and let * denote the 
action of G on VP’; VP) is V with G-module structure g * u = F( g) . u. If 
we consider a G-module I’ as a vector group, then the Frobenius map on V 
is a p-linear G-invariant map from I’ to I’(“). (A map p: M -+ N is p-linear if 
it is additive and p(ox) = a”p(x) for all a E k, x E V.) The Frobenius map 
F: V+ k’(P) induces a map /3: H*(G, V) -+ H*(G, VP’), given by P(t) = F o t. 
Because F is p-linear, /I is p-linear. 
The following proposition was presented from a different perspective in 
[2, Sec. 71. 
PROPOSITION. Let G be a semisimple k-group defined over F, and let V 
be an irreducible G-module defined over F,. The map /I: H*(G, V) + 
H*(G, VP’) is one-one. 
Proof The Frobenius map F: G+ G induces a linear map 
a: H*(G, V) + H*(G, VP)) as follows. For a 2-cocycle t: G X G -+ V, 
a(t) = t o (F x F). The map t o (F x F) is a 2-cocycle with values in VP’ 
since 
d(t 0 (F x F))(a, b, c) 
= a * t(F(b), F(c)) - t(F(ab), F(c)) + t(F(a), F(bc)) 
- @‘(ah F(b)) 
= F(a) . t(F(b), F(c)> - t(W) F(b), F(c)) 
+ V(a), F(b) F(c)) - @‘(a), F(b)) 
= d(t)(F(a), F(b), F(c)). 
Since t is a 2-cocyle with values in V, it follows that 
d(t)(W), F(b), F(c)) = 0. 
We have H*(G, V) ‘v H2(GFp, V,p) @ k. Evidently a: H*(G, V) -+ 
H’(G, VP)) maps H*(G, , V,p> to H*(G, , v”:‘). Since the Frobenius map 
commutes with any morphism of algebrai: groups over Fp, we have 
a(t)=to(FxF)=Fot=j3(t) for t E H2(GFp, VFD). 
Therefore, the maps a and /I coincide on H2(GpD, VFp). 
We will show that a is an injective map and then we can conclude that /? 
is one-one. Since AFp has no nilpotent elements, the map 
F*: AF, @ k + A, @ k is one-one, and so A ‘v ACp’. It is easy to check that 
this is a Hopf algebra isomorphism. Since A and ACp’ are the coordinate 
rings of G and G/G’, respectively, it follows that G/G’ z G. Then we have 
an isomorphism H*(G, v> ‘v H*(G/G’, VP)). (Via the isomorphism 
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G/G’ = G, V is a G/G’-module with the module structure of VP’.) From the 
short exact sequence 1 + G’ + G--f G/G’ + 1 we have the exact sequence 
H’(G’, V(P))G/G’ 
+ H2(G/G1, V+“) 4 H2(G, P-“) [3,4.6]. 
Since G’ acts trivially on VP’, H’(G’, VP’) is H’(G’, k”). We will show 
that the 1-cohomology of G’ is isomorphic to the restricted 1-cohomology of 
the Lie algebra L of G. The category of G’-modules is equivalent o the 
category of A/M’P’A-comodules. By [S, Proposition 1.51 this category is 
equivalent to the category of (A/M(p) A)*-modules. By [6, 
Proposition 13.2.31, (A/McP’ A)* is the restricted universal enveloping 
algebra of L. Because the category of G’-modules is equivalent to the 
category of restricted L-modules, the corresponding 1-cohomology groups 
are isomorphic. 
An element of H’(L, k) is a linear map f: L + k which satisfies 
f( [x, ~1) = 0 for all x, y in L. If [L, L] = L, we have H’(L, k) = 0, and so 
the restricted 1-cohomology of L at the trivial module is zero. Then we have 
H’(G’, v’P’)G/c’ = 0 and the map x’: H2(G/G1, VP’)+ H’(G, VP’) is 
injective. 
Let y’: H’(G, V) + H2(G/G1, pp’) be the isomorphism induced from the 
isomorphism ‘J: G + G/G’. We will show that the following diagram 
commutes : 
Let t E H’(G, V). Then 
7C’(y’(t)) = t 0 (y x y) 0 (n x 7c) = t 0 ((y 0 7r) x (y 0 ?r)) 
= t 0 (F X F) = a(t). 
Since the diagram commutes, it follows that a is injective. Because the 
maps a and /I agree over F,, ,8 is oneeone on H2(GFp, VFD). Then p is 
one-one on H’(G, V) since p is p-linear. 
If [L, L] #L, then H’(L, flp’) z Hom(L/[L, L], VP’), where L acts on 
VP’ trivially. From the correspondence between the I-cohomology of G’ and 
the restricted I-cohomology of L, G/G’ acts on Hom(L/[L, L], VP)) by 
(g . f)(x) = g . f((Ad g-‘)(x)). Then the restricted 1-cocyles fixed by G/G’ 
are contained in HomG,G, (L/[L, L], VP’). By examining the Cartan matrices, 
one can see that [L, L] #L only when p = 2 and G has a component of 
type A, or C,. In each component where this occurs, L/[L, L] is an 
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irreducible G/G’-module; in the first case it has highest weight (x =pA and in 
the second case it has highest weight a,, =p(A,-, + A,). Since VP’ is an 
irreducible G/G’-module, it follows that Hom,,,(L/[L, L], VP’) is non-zero 
only when V = V(A) or V = V@, _ i + A,). In each case, the highest weight of 
V is not in the root lattice, so by [2,2.4], H*(G, V) = 0 and the map 
/?: H*(G, V) + (G, V(p)) is one-one. 
Let k be an algebraically closed field and let G be a Chevalley group over 
k. Let V be an irreducible G-module such that H’(G, P’) # 0. For each non- 
zero cohomology class in H*(G, V), there is a non-split extension H of G by 
V, 1 -+ V+ H-t G-t 1. V is a vector group (hence unipotent). As a variety, 
H = V x G and the multiplication is defined as follows: 
where c is a 2kocyle representing the cohomology class in H*(G, V). 
Let M be an irreducible H-module. Since V is a normal subgroup of H, it 
follows that MV is a submodule of M. MY is not zero because very represen- 
tation of a unipotent group has fixed points. Therefore, MV = M and M has a 
canonical G-module structure. Conversely, any G-module may be considered 
as an H-module via the homomorphism H + G. This canonical map from the 
set of G-modules to the set of H-modules induces a bijection between 
irreducible G-modules and irreducible H-modules. 
The proof of the following theorem was suggested by John Sullivan. 
THEOREM. Let H be an extension of G by V determined by a non-zero 
cohomology class [{I in H*(G, V). For each irreducible H-module M, 
H’(H, M) N H’(G, M). 
ProoJ We consider the Hochschild-Serre sequence [3,4.6] : 
0 + H’(G, M) + H’(H, M) + H’( V, M)H -% H*(G, M). 
In [3,4.6] the connecting map is not produced explicitly. Here we define a 
map v and show that the sequence we obtain is exact; I expect that v is the 
connecting map in [3,4.6]. We will also show that v is injective; the 
conclusion follows. 
We define the map v: H*(V, M)H+ H*(G, M) as follows: For 
f E H’(V, M)H, take a I-cochain h: H -+ M such that h IV = f and such that 
d(h) is the canonical image in Z2(H, M) of an element z of Z’(G, M). An 
explicit choice of h is provided later. Let w(f) = z. 
The map w is well defined: Let h’ and h” be I-cochains satisfying the 
conditions. Then h = h’ - h” is Q on V and d(h) is the canonical image of an 
element z of Z*(G, M). That is, d(h): H x H + M depends only on G x G. 
We have 
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=(v,,l)h(v,,g)--h(v,+v,,g)+h(v,,l) 
=wv,, g)-h(u,+4, g) 
Therefore, h is constant on cosets V. (uz, g) in H, and so h factors through 
G = H/V. Then h is a 1-cochain G + M and so z is a 2-coboundary for G. 
Therefore, u/(/z’) = I. 
Next we show that the sequence 
0 + H’(G, M) L H’(H, M) --& H’( I’, A,QH * H’(G, M) 
is exact. Exactness is easy to check for all but the last map. Suppose 
f E H’( V, AQH is the image of an element r of H’(H, M), i.e., rlv = f. Then 
I@) = dr = 0. Let f be an element of H’( V, M)” such that w(f) = 0. Take 
h: H + A4 such that h jr, = f and d(h) is the canonical image of an element z
of Z’(G, M). Then u/(f) = z. Since v(J) = 0, z E B’(G, M). Then z = du for 
some I-cochain u: G -+ M. Let 71: H -+ G be the quotient map. The map 
h-uonisinZ’(H,M)since 
d(h) - d(u o n) = d(h) - d(u) o (n x 71) = d(h) - z 0 (n x n) = 0. 
We have 
Therefore, f is in the image of j, and we have Im j = Ker I+ 
Suppose f is a non-zero element of H’(V, M)H. Because V acts trivially 
on M, B’(V, M) = 0. The 1-cocycle condition requires f to be additive. The 
condition that f is fixed by H is the following: g s f(v) = f(gu) for all g in 
G and all u in V. Therefore, H’(V, A#’ is the set of additive G-invariant 
maps from V to M. 
To compute y(f) explicitly, one may choose h as follows: Let h = f 0 p, 
where p is the projection from H = V x G to V. 
d(h)((v, 7 g,h (uz,gd) 
= gl4u2? gt> - h(u, + g1 u2 + ag, 7 g2), g1 g2) + 4v, 7 g1) 
=g,f(~2)-f(~l+glv2+r(gl~g2))+f(~,) 
= -f Mg, 9 g2)) 
since f is additive and G-invariant. 
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Because < is a 2-cocycle with values in V and f: V-+ M is additive and G- 
invariant, it follows that f o < is a 2cocycle with values in M. Since d(h) is 
the image of the 2-G-cocycle - f o < under the canonical map 
Z*(G, M) -+ Z*(H, M), it follows that I,@) = -f 0 <. 
We have shown that v(f) is the negative of the image of the cocyle l 
under the canonical map H*(G, I’) -+ H*(G, M) determined by J 
Next we show that Hi(V, M)” = 0 unless M= VP”’ for some n > 0. Let A 
and p be the highest weights of V and 44, respectively. Let T be a torus of G, 
B a Bore1 subgroup containing T, and U the unipotent radical of B. For 
u E V and u E U, f(u) =f(uv) = uf(v) b ecause u is a highest weight vector. 
Therefore, f(v) is U-stable. Since M is irreducible, M” is the B-stable line 
M, and we have f( V,) c 44,. 
Let w = f(v). If we consider k . u and k . w as copies of the additive group 
G,, then f: k . u + k . w is a morphism from G, to itself. A morphism from 
G, to itself is an additive polynomial, i.e., f(a) = ET=0 biaPr. We have 
p(t) w= t * w=t -f(v)=f(tu)=f(A(t)u)= ~i~obi~qt)) ’ w. 
Since characters are independent, ,D = Api for some i > 0. Therefore, 
H’( V, M)H = 0 unless M = v’ p”’ for some n 2 0. From the exact sequence we 
have H’(G, M) N H’(H, M) unless M = tip”‘. 
Now we consider the case M= V’ p”‘. Since H*(G, V) # 0, it follows that 
A f 0 (i.e., V#k). For vEV,, T-u=l(T)+v=k”.v since k is 
algebraically closed. Then we have 
f(k.u)=f(T.v)=T. f(u)cV$. 
Since V = G . k . u, f is determined by f(u) E I$$’ . VyG’ has dimension 
one and so H’(V, Vp”‘)H has dimension one. The Frobenius map 
F”: V+ V”‘“’ is an additive G-invariant map and therefore an element of 
H’(V, V”‘n’)H. Since dim H’(V, tip”‘)” = 1, it follows that any element f of 
H’(V, V”‘“‘)H is a scalar multiple of the Frobenius map F”. 
Let f be a non-zero element of H’(V, vp”‘)H. We showed that y(f) was 
the negative of the image of the cocycle r under the map 
J H*(G, V) -+ H*(G, VP”‘) determined by J: Since f is a multiple of the 
Frobenius map, the map J‘: H*(G, I’) + H*(G, pp”‘) is one-one by the 
proposition. (The irreducible representations of a Chevalley group are 
defined over F, [ 1, Sect. 71.) Then y(f) is non-zero and we have shown that 
v is an injective map. 
Since I(/ is an injective map, it follows from the exact sequence that 
H’(G, vpn’) E H’(H, P’(p”‘). 
Remark. Although the 1-cohomology at irreducible modules is the same 
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for G as for H, this is not the case for all G-modules. Let V be an irreducible 
G-module with H*(G, V) # 0 and let W be the dual Weyl module in which I/ 
occurs as a minimal submodule. By [2, Corollary 3.41, H”(G, W) = 0. 
Consider W as an H-module via the homomorphism H-t G. We have the 
exact sequence 
H’(G, W) + H’(H, W) + H’(V, W)” -+ H2(G, W). 
The first and last terms of the sequence are 0, so H’(H, W) = H’(V, W)“. 
The inclusion map i: V+ W is a non-zero element of H’(V, W)“. Therefore, 
H’(H, W) # 0. 
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